We test degree-scale cosmic microwave background (CMB) anisotropy for Gaussianity by studying the QMASK map that was obtained from combining the QMAP and Saskatoon data. We compute seven morphological functions M i (∆T ), i = 1, ..., 7: six Minkowski functionals and the number of regions N c at a hundred ∆T levels. We also introduce a new parameterization of the morphological functions M i (A) in terms of the total area A of the excursion set.
Introduction
The issue of Gaussianity of CMB maps plays a crucial role in testing assumptions about the early Universe. The simplest inflation models strongly favor Gaussianity of the primordial inhomogeneities (see e.g. Turner (1997) and references therein), whereas other scenarios assuming cosmic strings or topological defects (e.g. Vilenkin & Shellard (1994) and references therein) predict non-Gaussian perturbations. Gaussianity is also a key underlying assumption of all experimental power spectrum analyses to date, entering into the computation of error bars (Tegmark 1997 , Bond & Jaffe 1998 , and therefore needs to be observationally tested. A third reason for studying Gaussianity of CMB maps is that it may reveal otherwise undetected foreground contamination.
Numerous tests of Gaussianity in the COBE maps (Colley, Gott, & Park 1996 , Kogut et al. 1996 , Ferreira, Magueijo, & Górski 1998 , Pando, Valls-Gabaud, & Fang 1998 , Bromley & Tegmark 1999 , Novikov, Feldman, & Shandarin 1999 Testing Gaussianity on smaller scales may bring much more interesting results. The first study of Gaussianity on degree scale showed the consistency of the QMASK map with the assumption of the Gaussianity (Park et al. 2001) . However, this study tested only the Gaussianity of the topology of the map. The study of the MAXIMA-1 anisotropy data also showed the consistency with the Gaussianity in the range between 10 arc-minutes and 5
degrees (Wu et al. 2001) . A total of 82 tests for Gaussianity were made in this study.
Although performing many tests is always better than few it is not clear how independent these tests were.
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The question of statistical independence of different non-Gaussianity tests is complicated. However, in some simple cases some of the tests can be statistically disentangled. For instance, consider the probability function, which is perhaps the simplest test for non-Gaussianity. It easy to transform the probability function to any given form simply by relabeling the contours using a monotonic function. This relabeling obviously does not have any effect on the morphology of the field since every contour line remains the same as well as the order of levels due to monotonicity of the transformation. However, this transformation may strongly affect the whole hierarchy of the n-point correlation functions. This is of course due to well known connection of the probability function to all n-point functions. We use two different parameterization of the measured morphological characteristics and show that the parameterization by the total area of the excursion set (i.e. the cumulative probability function) has an advantage over parameterization by the temperature because it gives considerably smaller correlations between different measures.
For a more detailed discussion of this issue, see Shandarin (2001) .
Along with the QMASK map ), we analyze a thousand reference maps with the same sky coverage, noise properties and power spectrum as the QMASK map. For each map we compute seven morphological functions at a hundred temperature/area levels.
These functions are:
6. genus G p (∆T ) and G p (A), and finally 7. the number of regions N c (∆T ) and N c (A) .
The first three are the global Minkowski functionals and the following three are the Minkowski functionals of the largest (by area) region. The largest region at some threshold spans the whole map, or "percolates". Its Minkowski functionals are the best indicators of the percolation phase transition (Shandarin 1983 , Yess & Shandarin 1996 . Our notations reflect some of the jargon used in cluster analysis: A p , C p , G p for the Minkowski functionals of the percolating region and N c for the number of regions, often referred to as "clusters" in cluster analysis.
We then calculate the mean for each of these fourteen functions (M i (∆T ) and
computed from a thousand Gaussian maps and quantify the differences of every function for every map with respect to the mean functions in quadratic measure.
Finally, we compute these differences for the QMASK map and test the Gaussianity hypothesis by comparing them to the thousand reference maps.
The rest of the paper is organized as follows. In Sec. 2 and 3 we briefly describe the QMASK map and the Gaussian simulations thereof. In Sec. 4 we define the morphological functions, their parameterization and the method of quantifying the departure from the Gaussianity. In Sec. 5 we summarize the results.
QMASK Map
The QMASK map, described in , combines all the information from the QMAP and Saskatoon (Netterfield et al. 1995 , Netterfield et al. 1997 , Tegmark et al. 1996 experiments into a single map at 30-40 GHz covering about 648 square degrees around the North Celestial Pole. The map consists of sky temperatures in 6495 sky pixels, conveniently grouped into a 6495-dimensional vector x, with a FWHM angular resolution of 0.68
• . As detailed in , all the complications of the map making and deconvolution process are encoded in the corresponding 6495 × 6495 noise covariance matrix N. The map has a vanishing expectation value x = 0 and a covariance matrix given by
where the signal covariance matrix S is given by
the P ℓ are Legendre polynomials, C ℓ is the angular power spectrum, r i is a unit vector pointing towards the i th pixel, and θ =FWHM/ √ 8 ln 2 is the rms beam width. When computing S in practice, we use the smooth power spectrum of that fits the observed QMASK power spectrum measurements.
Since the raw map has a large and complicated noise component, we work with the Wiener-filtered version of the map in this paper, shown in Fig. 1 and defined as
This approach was also taken in Park et al (2001) and Wu et al (2001) .
Mock Maps
In order to quantify the statistical properties of our Minkowski functionals, we need large numbers of simulated QMASK maps. We therefore generate one thousand mock
Gaussian maps as follows. The covariance matrix C w of the Wiener-filtered map is given by
Morphological Statistics
In this paper we use a set of morphological statistics based on Minkowski functionals.
As suggested by Novikov, Feldman, & Shandarin (1999) , one can use both global and partial
Minkowski functionals in studies of CMB maps. In this study we use the global Minkowski functionals and those of the largest region by area (the so-called percolating region).
Global Minkowski functionals
Global Minkowski functionals were introduced into cosmology as quantitative measures of CMB anisotropy by Gott et al. (1990) although without reference to the Minkowski functionals and thus without stressing their unique role in differential and integral geometry. Mecke, Buchert, & Wagner (1994) were the first to place the studies of morphology of the large scale structure in the context of differential and integral geometry. In particular, they emphasized a powerful theorem by Hadwiger (1957) stating that with rather broad restrictions, the set of Minkowski functionals provides a complete description of the morphology (for further discussion, see e.g. Kerscher 1999 ).
Global Minkowski functionals describe the morphology of the excursion set at a chosen threshold: A(∆T ), C(∆T ) and G(∆T ) are the total area, contour length and genus of the excursion set, respectively. For the case of a Gaussian random field, the Minkowski -8 -functionals are known analytically as functions of the threshold. Assuming that the field is normalized, i.e. u = (∆T − < ∆T >)/σ ∆T so that < u >= 0, < u 2 >= 1, the Minkowski functionals are
where R = √ 2/σ 1 is the characteristic scale of fluctuations in the field; σ 1 is the rms of the first derivatives (in statistically isotropic fields both derivatives ∂u/∂x and ∂u/∂y have equal rms). A(u) is the fraction of the area in the excursion set and thus equals the cumulative probability function:
and G(u) are the length of the contour and the genus of the excursion set per unit area respectively.
In this study we use somewhat different normalization and units. We measure the total contour length in the whole map in the mesh units and we define G as the number of isolated regions minus te number of holes in the excursion set.
Percolating region
The morphology of every isolated region in the excursion set can be characterized by three partial Minkowski functionals : the area, boundary contour length and genus of the region. In order to describe the morphology of the field in more detail, Novikov, Feldman, & Shandarin (1999) 
Numerical technique
The numerical technique used for measuring the Minkowski functionals is described in detail in Shandarin 2001. Here we outline the main features that may differ from numerical methods used by other groups (see e.g. Coles 1988 , Gott et al. 1990 , Schmalzing & Buchert 1997 , Winitzki & Kosowsky 1997 , Schmalzing & Górski 1998 , Park et al. 2001 , Wu et al. 2001 ).
First, we use neither Koendernik invariants (Koenderink 1984 ) nor Croftons's formulae (Crofton 1968) which are typically used in other studies. A pixelized map is considered to be an approximation to a continuous field. This approach was used by Novikov, Feldman, & Shandarin (1999) In addition to six Minkowski functionals , we computed the number of isolated regions N c (Novikov, Feldman, & Shandarin 1999) . Thus, in total we compute seven morphological The number of isolated regions is shown in Fig. 3 for both the temperature and global area parameterizations. The latter is described in detail in Sec. 4.5.
In order to quantify the degree of non-Gaussianity of the QMASK map, we define and compute a functional that quantifies the "distance" between two functions in the functional space of measured statistics. The distance is defined by the integral
is the mean value of the statistic as a function of ∆T . The integral in eq. (6) is approximated by the sum over a hundred levels of ∆T . We also compute the distances of the each morphological curve from the Gaussian mean for the QMASK map. The third column of Table 1 shows the percentile of the QMASK map distances from the mean for each morphological statistic parameterized by ∆T . The highest departure from the mean is shown by the A(∆T ) curve which is the cumulative probability function. It shows that only about 27% of Gaussian curves are closer to the Gaussian mean than the QMASK curve.
Other parameters are even closer to the corresponding Gaussian mean.
Parameterization by the total area A.
It seems to be more natural for morphological studies to use the total area
is the area of the excursion set at ∆T and
is the total area of the map) as an independent parameter (Yess & Shandarin 1996) . This also has an additional advantage of decorrelating different statistics as discussed bellow.
The transformation from the level parameterization to the area parameterization is a highly nonlinear procedure illustrated in Fig. 4 Using the area parameterization, we compute seven new morphological functions for each map: Figure   5 shows the measured quantities as functions of A.
The difference of the QMASK curves from the Gaussian mean is quantified similarly to that described before by the distance between curves in the functional space:
There is an important difference between the two distances defined by eq. 6 and 8. Using
is the estimate of the probability function derived from the k-th map one can rewrite eq. 8 as an integral over ∆T :
Comparing eq. (6) and (10), one notices that the distance between the curves computed in the area space (eq. 8) depends more on the bulk of the probability function and less on the tails of the probability function, since it is weighted by the probability function.
The second column of Table 1 shows the percentile of the QMASK distances from the mean in the area parameterization. Comparing the values corresponding to different parameterizations, one can easily see that the parameterization by ∆T suggests that the QMASK map is a more typical example of a Gaussian field than that using A as an independent parameter. The parameterization by the level suggests that the most exceptional deviation of the QMASK map from Gaussianity is given by the A(∆T ) curve, but more than 70% of Gaussian maps differ from the mean more than the QMASK map. Thus, the QMASK map looks like a very typical realization of the Gaussian field.
Parameterizing by the total area, one may conclude that the Gaussian P (A) and N c (A) curves differ more than the QMASK map in only about 21% and 18% of the cases respectively. Thus, this parameterization reveals that the QMASK map is not quite a typical realization of the Gaussian field, but is not very unusual either, quite consistent with Gaussianity.
Cross-correlations
The parameterization of the morphological statistics by the total area makes the set of Table 2 shows the correlation coefficients of the distances
for all 21 pairs of morphological statistics. The values above the diagonal show the correlations when all statistics were parameterized by the total area of the excursion set, A,
while the values below the diagonal were computed using the parameterization by the level,
∆T .
The correlation coefficient shows for each pair of statistics how well the separation from 
Discussion
We present the results of a study of Gaussianity in the QMASK map. In agreement with the first study of topology of the degree-scale CMB anisotropy (Park et al. 2001) , which was limited to the genus of QMASK, we conclude that the QMASK map is compatible with the assumption of Gaussian ∆T /T fluctuations. In this study, we used six morphological statistics in addition to the genus, G: the areas A and A p of the excursion set and the largest (i.e. percolating) region, the contour lengths or perimeters C and C p of the excursion set and the largest region; the genus G p of the percolating region and the number of isolated regions N c . According to its morphology, the QMASK map is not a very typical example of a Gaussian field, but not very exceptional either: about 20% of a thousand Gaussian maps have greater differences with at least one mean function (Table 1) .
We show that the parameterization of the morphological statistic is very important.
A naive parameterization by the temperature threshold ∆T results in a highly correlated (almost degenerate) set of morphological characteristics: 16 out of 21 cross-correlation -15 -coefficients are greater than 0.9 and all the rest are greater than 0.82 (Table 2 , bellow the diagonal). Representing the same morphological parameters as functions of the total area of the excursion set A helps to decorrelate them: now 13 pairs correlate less than 0.3, four more correlate less than 0.5 and the rest less than 0.85 (Table 2 , above the diagoanl).
Our measurements of the deviations of the morphological functions from the Gaussian mean strongly rely on the bulk of the probability function (see eq. 10) and therefore are robust to spurious effects.
The techniques that we have described here are computationally efficient (∝ O(N pix ln N pix )), and should be useful also for much larger upcoming datasets such as that from the MAP satellite. Another promising area for future applications is computing Minkowski functionals from foreground maps and topological defect simulations, thereby enabling quantitative limits to be placed on the presence of such structures in CMB maps.
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